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provide an accurate extrapolation.) This freedom in choosing the time
step makes it possible to simulate narrow band behavior of materials
for a longer period than possible with other time-domain methods like
conventional, conditionally stable finite difference methods.
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Enhancing the PML Absorbing Boundary Conditions for
the Wave Equation

Yotka S. Rickard and Natalia K. Nikolova

Abstract—The dynamics of wave propagation and interactions in
general media is described either by the system of Maxwell’s equations,
or by the wave equation. This paper focuses on problems modeled by
the scalar wave equation, with one or more boundaries at infinity. The
computational domain is truncated by a perfectly matched layer (PML)
absorbing boundary condition (ABC) modified specifically for wave-equa-
tion applications. A problem independent approach is used to enhance the
PML performance within the whole frequency band of excitation, in the
presence of both evanescent and propagating fields. Numerical reflections
below 0.1% are achieved with PML thickness of only six to eight cells, in
both open and guided-wave problems.

Index Terms—Absorbing boundary conditions (ABC), finite-difference
time-domain (FDTD)methods, perfectly matched layer (PML), wave equa-
tion.

I. INTRODUCTION

In time-domain electromagnetics, apart from the finite-difference
time-domain (FDTD) method [1], an attractive new alternative is using
the wave equation, as in the time-domain wave-potential (TDWP)
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method [2]. It employs only two scalar quantities, the magnitudes of
two collinear vector potentials (A; F )�̂, to analyze an EM problem in
a region of distinguished axis �̂ coparallel with the vector potentials.
The propagation of the vector potentials is governed by three-dimen-
sional (3-D) scalar wave equations. Two scalar quantities (and their
first derivatives) are computed and stored at each time step, instead
of the six quantities in Yee’s FDTD method. This leads to substantial
computer time and storage savings. Moreover, it leads to improved ac-
curacy of the numerical algorithms because of the smoother behavior
of the wave potentials in comparison with the field intensity vectors.

Both FDTD and TDWPmethods require reliable and efficient ABCs
for problems with boundaries at infinity. The perfectly matched layer
(PML) ABC, introduced by Berenger [3] for Yee’s FDTD method, is
widely accepted as one of the most efficient numerical absorbers. Re-
cently, corresponding PML ABC has been developed also for wave-
equation applications [4], [5].

Much effort has been devoted toward improving and optimizing the
performance of PML ABCs (see, e.g., [6]–[20]). Nevertheless, the ac-
tive research continues, since even small numerical reflection in the
time-domain response degrades the frequency-domain results, which
are commonly used in microwave and antenna design.

The overall performance of the PML absorbing medium depends
on the combined and interdependent influence of all its variables: the
conductivity �i(i = x; y; z), the loss factor �i, the reflection coeffi-
cient R0 and its thickness �i. Recently it was shown ([5], [20]) that
if the conductivity and the loss factor grow at different exponent rates
(which adds a new degree of freedom in their definition), the PML per-
formance improves over the whole frequency band of interest. In [5],
the conductivity is proposed to grow faster than the loss factor for the
TDWP method. In [20], an enhanced PML performance is achieved
within Yee’s FDTD method. There, it is shown that in the presence of
strong evanescent fields, the PML loss factor should grow faster than
the PML conductivity.

In this communication, we show that similar enhancement of the
PML performance can be achieved in wave-equation applications,
without any increase in the computational load. In fact, greatly reduced
PML thickness is used in comparison with the quoted in the literature,
even when sources and/or discontinuities are located at two or three
spatial steps from the PML interface.

First, half-a-cell displacement of the PML interface with the internal
computational domain is proposed, so that any PML interface passes
through the position of the vector component in all directions. With
that, the whole PML medium is shifted in the corresponding direction
by half a step. Second, the performance of few shifted PML ABCs,
applied within the TDWP algorithm, are compared: Berenger’s PML
[3], the modified PML (MPML) [6], the generalized PML (GPML) [7],
and the PML proposed in [5]. We demonstrate that all types of PML
have significantly better performance when shifted. In 3-D open prob-
lems the PML proposed in [5] offers lower reflection levels in the entire
frequency spectrum of interest. In guided-wave problems the PML pro-
posed in [5] has lower reflection levels in comparison with the PMLs
with real stretch of their parameters. A complex stretch of the PML
parameters, such as in the FDTD complex-frequency-shifted (CFS)
PML [13], [15]–[17], may lead to even lower reflections of evanescent
modes. However, its implementation with the wave equation is far from
trivial and will be addressed elsewhere. We investigate the influence of
the difference � between the growth rates of the conductivity and the
loss factor of the shifted wave equation PML. Based on extensive nu-
merical experiments, practical recommendations for the choice of the
PML parameters are offered.
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Fig. 1. (a) The (i; j; k)th numerical cell showing the corresponding component positions of the vector potentials in the TDWP method and the field intensity
vectors in the FDTD method. (b) The (i; j; k)th numerical cell showing the positions of the x-component of the vector potential Ax, its corresponding auxiliary
variables and the PML interfaces.

II. THEORY

Berenger’s PML [3] added a new degree of freedom to the FDTD
algorithm to ensure the absorption of all propagating waves. To accel-
erate the attenuation rate of evanescentmodes, Chen et al. [6] proposed
the MPML, where another degree of freedom is added by including a
PML loss factor �i. In [5], a PML ABC is developed for the 3-D scalar
wave equation, although a thick (20-layer) absorber is used. There, the
PML conductivity and loss factor grow at different exponent rates. Thus
a new degree of freedom in their definition is added. The PML conduc-
tivity profile �i grows at a higher rate than that of the PML loss factor
�i

�i(�) = �max
�i

�i

n+�

� 2 (0; 3]; i = x; y; z (1)

while the PML loss factor �i proposed by Chen et al. [6] remains

�i(�) = 1 + "max
�i

�i

n

i = x; y; z: (2)

The PML is terminated by a PEC wall and therefore the expected re-
flection error at normal incidence is

R0 = exp �
2

"0c

�

0

�i(�)d� : (3)

Hence, in (1), the parameter �max controlling the rate of attenuation of
propagating waves is

�max = �
(n+ � + 1)"0 � c � lnR0

2�i
i = x; y; z: (4)

Therein
R0 user-defined reflection coefficient at normal incidence, in

the range R0 2 [10�10; 10�2];
�i thickness of the PML in the i-direction, i = x; y; z;
�i depth in PML, 0 � �i � �i;
"max user-defined parameter, regulating the rate of the evanes-

cent-mode attenuation, in the range "max 2 [0; 15];
n user-defined exponent rate of growth, usually in the range

n 2 [2; 6];
� user-defined difference in the growth rates of the PML

conductivity and the PML loss factor, usually in the range
� 2 [�3; 3];

"0 permittivity of vacuum;
c speed of light.

In [5], the parameter � has only positive values and no evanescent fields
are considered. In this communication, we also use negative values of �
when strong evanescent fields are present, as in the FDTD applications
in [20].

The PML outlined above can be viewed as a modification of the
GPML [7], where the PML loss factor and PML conductivity have dif-
ferent profiles. In GPML, the PML loss factor �i grows as in (2) and
the PML conductivity is

�i(�) = �max �i(�) sin
2 �i

�i
i = x; y; z: (5)

In (5), for the coefficient �max we have developed the recursive for-
mula

�max (n) = �
" � c � lnR0

�i 1 + "max
1

n+1
+ �n

i = x; y; z (6)

where (for integer n)

�n =
n

�2
[1 + (n� 1)�n�2] n � 3

�1 =�2 =
2

�2
: (7)

Two modifications of the PML ABC implementation for the wave
equation are proposed.

First, the location of the interface plane between the internal com-
putational domain and the PML medium is proposed to pass through
the position of the calculated variable in all directions. In the TDWP
method, the positions of the magnetic vector potential components co-
incide with the positions of the electric field components within the
conventional Yee’s cell, namely, they are located at the middle of the
edges of the numerical cell, see Fig. 1(a). Similarly, the positions of the
electric vector potential components coincide with the positions of the
magnetic field components within Yee’s cell, namely, they are located
at the middle of the cell faces. Thus, for example, for the x-component
of the magnetic vector potential, ~A = x̂Ax, the position of the PML
interface in the x-direction is proposed to pass through the middle of
the numerical cell in the x-direction, and to remain unchanged in the
other two directions, see Fig. 1(b). In the FDTD method, the PML in-
terfaces pass through the faces of the numerical cells in all directions.
However, the PML absorption for wave-equation applications is per-
formed in two steps and requires two sets of auxiliary variables, see
[5]. If the PML interfaces for the wave equation are located as in the
PMLs for the FDTD method, as done in [5], the auxiliary variables are
not equally absorbed in 3-D applications. Consequently, very thick ab-
sorbers are necessary, as shown in [5], where it is reported that even
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with twenty-layer PMLs surrounding an infinitesimal dipole, the nu-
merical reflections at low frequencies remain above 1%.

Second, the above modification requires a change of the location
of the PML-terminating perfect-electric-conductor (PEC) wall in the
corresponding direction, so that the whole PML medium is shifted by
half-a-cell. For example, the half-a-cell displacement in the x-direction
forAx requires the PML-terminating PECwall in thex-direction (Neu-
mann BC) to be also displaced by half-a-cell. Therefore, it is imple-
mented as the one-sided normal numerical derivative of second-order
accuracy

@Ax

@x
x=x

=0) Ax(xmax)

=
4Ax(xmax ��x)�Ax(xmax � 2�x)

3�x
: (8)

At the tangential PML-terminating PEC planes (Dirichlet BC) in the
y-and z-directions, the vanishing Ax conditions remain

Axjy=y
= 0 and Axjz=z

= 0: (9)

Corresponding expressions hold at x = xmin, y = ymin, and z =
zmin.

The actual scheme for calculating the conductivity and the loss factor
inside the PML medium is based on the usual spatially polynomial
scaling as in (1) and (2), where the distance �i is measured now from
the new position of the PML interface.

Having in mind that the positions of the vector potentials and field
intensities coincide, as shown in Fig. 1(a), it is clear that this half-a-cell
shift of the PML medium is directly applicable for any wave equation,
regardless of its specific variable—potential or field intensity.

III. NUMERICAL RESULTS AND DISCUSSION

To illustrate the performance of the proposed PML ABC for wave-
equation applications, three examples are considered: an infinitesimal
dipole in open space, a dielectric slab, and a rectangular waveguide.
They are modeled by the TDWP method. The reflection magnitude is
estimated using the ratio of the reflected and incident wave-potential
component gi, which has been excited

R =
gre
i

fginci g
(10)

Here, denotes Fourier transform of the respective time-domain wave-
potential component.

A. Dipole in Open Space

The infinitesimal dipole in open space is modeled in a computational
domain of (130�x, 130�y, 130�z), where �x = �y = �z =
0:75 mm. The magnetic potential ~A = x̂Ax is excited by the x-di-
rected current of the dipole, which is a Gaussian pulse in time. Fig. 2
shows a comparison of the proposed PML (� = 1) with Berenger’s
PML [3], the GPML [7], and the MPML [6]. The PML interfaces and
PEC terminating walls of all four types of PML ABCs have locations
modified as described above. For each type of PML the optimal param-
eterization is used, based on data from the literature and on extensive
numerical experiments. A very long simulation time is used so that not
only the direct reflections from the PMLs but also the interferences
from the reflections are included. Here, we should emphasize that the
results presented in Fig. 2 are for six-layer PML ABCs. Nevertheless,
the reflection level for all types of PML is an order of magnitude lower
than that for the twenty-layer PML ABCs reported in [5]. The PML
profile with � > 0 offers a reflection level of about 0.01% (�80 dB)
in the whole frequency band of the excitation. The proposed interface

Fig. 2. Infinitesimal dipole in open space for PML thickness NPML = 6.
In Berenger’s PML: R0 = 10�6, "max = 0, n = 3:5. In MPML:
R0 = 10�6, "max = 1, n = 3:5. In GPML: R0 = 10�4, "max = 1,
n = 4. In the proposed PML: R0 = 10�4, "max = 1, n = 2:5, � = 1.

shift leads to an unprecedented reduction in the PML thickness, while
retaining excellent performance.

B. Dielectric Slab in Open Space

The dielectric slab is considered to investigate the influence of mate-
rial interfaces intersecting the PML boundaries. Its thickness is 10 mm
and the dielectric constant is "r = 4. It is excited by a vertical infini-
tesimal dipole buried in its center, five spatial steps after the front-end
PML. The magnetic potential ~A = x̂Ax is excited by the x-directed
dipole current, which is a sinusoidal wave of frequency f0 = 7:5 GHz
modulated by Blackman-Harris window (BHW) function [21] giving
a frequency bandwidth from 5.5 GHz to 9.5 GHz. The computational
domain (170�x, 34�y, 39�z) is surrounded in all six directions by
the PML medium. Uniform mesh with �x = �y = �z = 2 mm is
used. The interface between the internal computational domain and all
types of PMLmedium is shifted as described in Section II. Fig. 3 shows
the numerical reflections from the proposed PML with � = 1:5, from
Berenger’s PML, from the GPML and from the MPML. The sample
plane is 40 steps away from the excitation so that there is a sufficient
time guard to separate the incident and the reflected pulse. The PML
thickness is NPML = 6 cells. The nearly optimal parameterization
for each PML type is used using data from the available literature and
numerical experiments. Although not shown in the figure, the numer-
ical reflections without the interface shift are an order of magnitude
higher for all PML types. Fig. 3 shows that with the proposed inter-
face shift, only six-cell thick PMLs can ensure numerical reflections
of about 0.1% of the magnitude of the incident wave in the whole fre-
quency band of the excitation.

C. Evanescent and Propagating Waves in a Waveguide

Finally, a hollow rectangular waveguide of cross section of 30 mm
by 15 mm (cutoff frequency 5 GHz) is considered. It is excited by a
current sheet, which is a sinusoidal wave of frequency 7 GHz modu-
lated by BHW function [21], so that its frequency content is from 0
to 14 GHz. Uniform mesh with �x = 1:25 mm is used. The excita-
tion plane is 40 steps after the front-end PML, which is 30 cells thick.
To properly measure the reflections associated with evanescent waves,
the sampling location is only one spatial step after the excitation plane.
The eight-cell thick back-end PML is located two spatial steps after the
sampling plane. De-embedding with longer waveguide is performed.
Very long simulation time (of the order of 105 time steps) is necessary,
as noted in [22]. Because of the presence of evanescent modes, a nega-
tive value of the parameter � is used. Fig. 4 shows a comparison of the
numerical reflections from the proposed PML (� = �0:7) with those
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Fig. 3. Dielectric slab—numerical reflections with NPML = 6 cells. In
Berenger’s PML: R0 = 10�8, "max = 0, n = 3:5. In MPML: R0 =
10�8, "max = 1, n = 3:5. In GPML: R0 = 10�4, "max = 1, n = 2.
In the proposed PML: R0 = 10�4, "max = 1, n = 2, � = 1:5.

Fig. 4. Evanescent and propagating waves in rectangular waveguide with
8-cell PMLs. In Berenger’s PML: R0 = 10�12, "max = 0, n = 2. In
GPML: R0 = 10�4, "max = 10, n = 4. In MPML: R0 = 10�4,
"max = 10, n = 3. Proposed profile: R0 = 10�4, "max = 10,
n = 2:4, � = �0:7.

from Berenger’s PML, the GPML, and the MPML. The best possible
parameterization is used for each type of PML, based both on data from
the available literature and on numerical experiments.

The reflection from the eight-cell thick PMLwith negative � is com-
parable with the reflections from 16-cell-thick Berenger’s PML and
GPML [7], [22]. We again note that the use of CFS PML [15]–[17]
might lead to better absorption at the lowest end of the frequency band,
as all PMLs with real stretches of their parameters do not absorb well
at very low frequencies.

It is noticed that increasing the value of the parameter "max in the
loss factor �i improves the evanescent wave attenuation (as expected)
but leads to higher numerical reflections after the cutoff frequency and
especially toward the high end of the frequency band. This is a common
drawback of all PML absorbers, which employ �i > 1. On the other
hand, the numerical experiments show that decreasing R0 has exactly
the opposite effect. The negative value of � balances these competing
influences and ensures lower numerical reflections in comparison with
the PML implementations with real stretches of the PML parameters.
With negative �, we observe that if we choose R0 = 10�m, for any
m 2 [3; 10], then the choice "max = 2:5 m ensures the lowest reflec-
tions both before and after the cutoff frequency, below 0.1% up to the
high end of the frequency band. The higher the value of m, the nar-
rower the cusp around the cutoff frequency, as observed also in [16].

D. The Choice of the PML Parameters

It is well known that higher exponent rates of growth of the PML
conductivity �i and PML loss factor �i lead to faster absorption of the
impingent waves but also give rise to higher numerical reflections due
to the bigger jumps in their stepwise approximation. That is why, the
smaller the PML thickness, the lower the maximum growth rate nmax
of �i and �i should be. On the other hand, with the polynomial scaling,
the growth rate of �i and �i is always nmin > 1. The above consider-
ations limit the possible range of values for the parameter �, which is
the difference between the growth rates of �i and �i. Therefore

j�j � nmax � nmin (11)

where nmax and nmin are the maximum and minimum exponent rates
for a given PML thickness. In practice, nmin > 1:5, and as a rule-of-
thumb, nmax � min([NPML=2]; 6). Thus, for a PML thickness of six
or eight cells, best results are obtained when 0 < j�j < 2:5 where

(i) � is positive in problems with little or no evanescent fields,
and

(ii) � is negative in the presence of strong evanescent fields.

If thicker PML absorbers are used, higher values of � are possible.
To summarize, we choose the PML parameters as follows.

(i) To maintain the numerical reflections between 0.01% and
0.1% of the incident wave amplitude, the (theoretical) reflec-
tion coefficient is usually set to R0 = 10�4. In the presence
of both evanescent and propagating fields, lower values of
R0 may be used for a narrower cusp around the cutoff fre-
quency.

(ii) A minimal practical exponent rate of growth 1:7 � n � 2 is
used for �i in the presence of evanescent fields, and n = 2
for �i otherwise.

(iii) For a PML thickness NPML = 6 or 8 cells, the maximum
exponent rate of growth should not exceed n = 4, which
allows for j�j � 2:3. If the PML interface is in close prox-
imity of sources and/or discontinuities, the preferred choice
is 0:5 � j�j � 1.

(iv) In the definition of �i, when strong evanescent fields are
present, the coefficient "max is set to "max = 2:5 m, fol-
lowing the choice of the reflection coefficient R0 = 10�m,
m 2 [3; 10]. In all other cases, it is set to "max = 1.

IV. CONCLUSION

For wave equation applications, the interface between the internal
computational domain and the PML absorber is proposed to pass
through the positions of the scalar variable in all directions. This
requires half-a-cell displacement of the interface (and the whole PML
medium) in some directions and may require modified Neumann
and/or Dirichlet BC at the PML-terminating PEC walls. Such PML-in-
terface displacement enhances significantly the PML performance.
In all major types of problems, a PML thickness as low as six to
eight cells ensures reflections below 0.1% (�60 dB). Moreover, its
performance does not deteriorate in close proximity of sources and/or
discontinuities.

Where little or no evanescent energy is present, we recommend that
the PML conductivity increases faster than the PML loss factor, i.e.,
� > 0. In the cases where both evanescent and propagating modes
are present, a negative value of � balances the opposing influences of
the other PML parameters. We also give procedure for a near optimal
choice of the wave-equation PML parameters. Although examples with
the TDWP method are shown, where the magnetic vector potential is
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used, it is noted that the proposed PML ABC is applicable to any wave
equation regardless of its specific variable.
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