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Abstract—A three-dimensional algorithm with the perfectly
matched layer (PML) absorbing boundary condition (ABC) for
the scalar wave equation in the time domain is presented for
general inhomogeneous lossy or loss-free problems. The proposed
PML ABC is applicable to practical finite difference schemes
treating the time-domain wave equation, such as the time-domain
wave-potential (TDWP) technique and the time-domain scalar
wave equation approaches to the analysis of optical structures.
The time-domain wave equation for lossy media is expressed in
terms of stretched coordinate variables. The algorithm is tested
for homogeneous and inhomogeneous media. We demonstrate ap-
plications to open (radiation) problems and to port terminations in
high-frequency circuit problems. New PML conductivity profiles
are developed for use with the second order wave equation, which
offer lower reflections in a wider frequency band in comparison
with the commonly used (in finite-difference time-domain (FDTD)
algorithms) profiles. The effect of the termination walls on the
overall PML performance is studied and the best choices are
singled out.

Index Terms—Absorbing boundary conditions (ABC), finite-dif-
ference time-domain (FDTD) methods, perfectly matched layer
(PML), wave equation (WE).

I. INTRODUCTION

T HE perfectly matched layer (PML) introduced by
Berenger [1] is widely accepted as an efficient numerical

absorber used in time-domain electromagnetic (EM) solvers.
In the time domain, it has been used mainly in conjunction
with the finite difference time-domain (FDTD) algorithm
to the solution of Maxwell’s equations, as well as with the
finite element time-domain (FETD) method. PML absorbing
boundary conditions (ABCs) have been also developed for most
of the frequency-domain techniques, such as the finite element
method (FEM) [3], [4] the finite-difference frequency-domain
(FDFD) method [5], or the frequency-domain beam propaga-
tion method (BPM) [6], [7].

Recent trends in computational electrodynamics include
the development of scalar or vector wave equation tech-
niques for applications in numerical algorithms not only for
optical waveguides and devices but also in the microwave
and millimeter-wave structure analysis. The time-domain
vector-potential technique [8] is based on the solution of the
vector wave equation for the magnetic vector potential. The
time-domain wave-potential (TDWP) approach [9], [10] is a
novel technique, which uses two scalar quantities, the magni-
tudes of a pair of collinear vector potentials , in order
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to analyze an EM problem in a region of distinguished axis
parallel to the vector potentials. The propagation of the two

potential functions is governed by the three-dimensional (3-D)
scalar wave equation. Coupling between the wave potentials
and occurs in the following cases: conducting edges, which
are not parallel to ; and material interfaces whose normal is
not parallel to . The current TDWP algorithm takes care of the

and mode coupling by domain subdivision and mode
transition formulas at the mutual boundaries of the domains [9].
The direction of the VP pair in each domain is chosen
so that coupling between its wave potentials is avoided. Thus,
when a domain is terminated by an ABC, there is no coupling
to account for but just two wave equations (forand for )
which are complemented by identical PML absorbers.

In photonics, approaches based on the time domain wave
equations are used to analyze optical waveguide problems.
Among those, the most widely used are the methods based on
the time-domain scalar or semivectorial finite-difference wave
equation [11]; as well as the time-domain beam propagation
method (BPM) (see, for example, [14]). These techniques
would typically reduce the problem to a set of two-dimensional
(2-D) scalar wave equations, where one of the dimensions is
along the direction of propagation.

These new algorithms require a reliable and efficient
ABC, which can handle both open problems (i.e., radiation
and scattering) and problems involving port terminations
(high-frequency circuit problems). It will become clear from
the derivations to follow that the PML ABC proposed in this
paper is not limited to electromagnetic problems only. It can be
applied to any physical phenomenon modeled by the general
lossy 3-D scalar wave equation, which requires reflection-free
boundaries.

Recently, the one-directional PML ABC has been applied
to terminate one of the ports in a dielectric-slab waveguide
problem solved in terms of the 2-D scalar wave equation in the
time domain [15]. In this paper, we extend the method proposed
in [15] to a general 3-D PML for the 3-D wave equation in the
time domain in loss-free or lossy media. To the authors’ knowl-
edge, this is the first PML ABC developed and successfully
implemented in conjunction with the 3-D wave equation in the
time domain. The derivation of the PML equations is based on
the well-known stretched-coordinate approach [16].

This paper has three main contributions. We derive the PML
formulas of the 3-D scalar wave equation absorber, and dis-
cretize them according to the requirements of a finite difference
time-domain scheme. We propose modified profiles of the PML
variables, which have superior performance (lower reflections
in a broader frequency band) in comparison with commonly
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used PML profiles when applied to the wave equation absorber.
We investigate the influence of the termination of the PML on
its overall performance and single out the best options available.

II. DERIVATION OF THE PML EQUATIONS

Let us consider the wave equation (WE) in the time domain
in a homogeneous lossy medium governing the behavior of the
vector potential [9]:

(1)

where and denote the specific electric and magnetic con-
ductivities, respectively. The equation for the electric vector po-
tential is the same, except for the source term, which is
replaced by , with being the magnetic current density.
In the discussion to follow, the (1) is used as a basis for all
derivations; however, all results are fully applicable to the
equation as well. Using the stretched coordinate approach [16],
we introduce the complex variables, , along the three
Cartesian coordinates in the Laplacian:

(2)

where , . The WE in (1) is then
mapped into the frequency domain

(3)

Six auxiliary variables are introduced in a fashion similar to that
in [15]:

(4)

The mapped frequency-domain WE now becomes

(5)

which can be mapped back into the time domain as

(6)

The auxiliary variables in the time domain are calculated ac-
cording to the equations in (4), which are also mapped back into
the time domain

(7)

Equations (6) and (7) are the basis of the proposed 3-D wave
equation PML ABC.

A slight modification of (6) and (7) is needed when a dielec-
tric/magnetic interface intersects the PML medium. Suppose a
dielectric interface of unit normal terminates in the PML
absorber. The potential governing equation then becomes [9]

(8)

where the modified Laplacian is defined as

(9)

Here, denotes the local relative dielectric permittivity at the
point where the respective derivative is calculated. As a result,
the stretched-coordinate [16] Laplacian of (2) is now defined as

(10)

The modification of the auxiliary variables can be easily derived
thereafter.

III. D ISCRETIZATION

All the equations are discretized using central finite differ-
ences. The auxiliary variables , and are positioned half
a cell “after” the locations of in the direction of the -, -, and
-axis, respectively; and , , are at the same locations as
(see Fig. 1). For stability purposes, the auxiliary variables are

normalized and the following quantities are actually calculated

(11)

Here

(12)
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Fig. 1. Discretization cell showing the spatial location of the components of
the vector potential and the corresponding auxiliary variables.

is the minimal spatial step in the nonuniform grid. The time step
must be chosen such that Courant’s stability condition is sat-

isfied. In our applications, it is set to where
is the highest velocity of light in the analyzed structure. Thus

the spatial increments can be expressed through the dimension-
less coefficients , , as

(13)

Since, in general, , there may be three
scalar WEs for the three Cartesian components of.

We will demonstrate the discretization of the PML (6) and (7)
using the potential. The auxiliary variables have also their
corresponding -components: , , , , , .
Let us introduce the numerical constants

(14)

The equations for the calculation of the normalized auxiliary
variables are obtained using central differences and averaging
with respect to time as shown

(15)

(16)

(17)

(18)

(19)

(20)

Equation (6) is discretized in a similar manner, which leads
to the following finite-difference expression

(21)

where

(22)
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is the analog of the finite-difference Laplacian operator applied
to . The numerical constant

(23)

is introduced in (21) for convenience; and, is a first-order
finite-difference operator in time such that

(24)

In a finite-difference second-order algorithm, the time-deriva-
tive of a potential function (e.g., ) requires storage in ad-
dition to the storage of the function value (e.g.,). It should
be pointed out that sources are unlikely to exist in a practical
PML region and, therefore, the term in (21) is set to zero.
Note also that the EM material constants, ,
and are those of the analyzed volume terminated
with the PML; in other words, they are not associated with the
anisotropic PML constants defined in (14).

The formulas above are in a form suitable for straightfor-
ward implementation. The time-stepping algorithm for the wave
equation PML is summarized here.

1.Update the auxiliary variables , ,
, , according to (15)–(17) .

2.Update the auxiliary variables , ,
, , according to (18)–(20) .

3.Update the time-derivatives ,
, according to (21) .

4.Update the potential components ,
, using

(25)

It should be reiterated that in the TDWP algorithm [9], [10], the
above procedure is applied to both the magnetic potential
and to the electric potential .

IV. PROFILES OF THEPML VARIABLES

The performance of the PML absorber depends on the com-
bined influence of its parameters: the user-defined theoretical
reflection coefficient , the PML conductivity , and the
PML loss factor , which takes care of the
evanescent mode attenuation. The last two parameters depend
on the user-defined constant and power rate . Initially,
we have implemented a variety of profiles already available
in the literature, such as in [1]. However, the PML is now
integrated with the wave equation, which is a second-order
PDE. The conventional PML profiles did not perform well
and they had to be modified and optimized. It is well known
that greater rates of attenuation can be attained by choosing
larger increments in the values of the PML parametersand

. Larger attenuation means decreased thickness of the PML
absorber, and, therefore, less computational load. However, a
larger attenuation rate gives rise to spurious numerical reflec-
tions. A compromise must be reached between insufficient

and excessive attenuation. It has been observed that the first
few PMLs cause the greatest numerical reflections (due to
the stepwise PML conductivity jumps in the discrete space).
That is why the increments in the conductivity in the first few
PMLs have to be small. However, in order to reach sufficient
attenuation, the PML conductivity has to increase significantly
toward the final layer. If one needs a broadband performance,
the rate of attenuation has to be decreased in comparison with
the case of the narrow-band requirements. The number of
PMLs is in direct relation with the rate of conductivity increase.
The slower the conductivity rises, the thicker the absorber must
be to ensure broadband performance.

Many papers are devoted to the optimization of the per-
formance of the PML absorbers. Some of them concern
frequency-domain applications [19]; others concern FDTD ap-
plications[21]. Neither of them optimizes all PML parameters
simultaneously because of the complexity of the problem. In
fact, all of them optimize one or two parameters. Our initial
attempt to use and optimize the conductivity profile as proposed
in [23] did not give satisfactory results for the wave equation
in the time domain. The objective of this work was to find a
problem-independent PML absorber for broad frequency band
applications. This is achieved by a new degree of freedom in
the definition of the PML parameters: the PML conductivity
profile and the PML loss factor are allowed to increase at
different power rates. We have found that the best performance
is achieved when the PML conductivity is of one to two
orders higher than the order of the PML loss factor

(26)

(27)

Here, is the PML thickness in the-direction, is the depth
in PML, is the chosen reflection coefficient at normal inci-
dence, is the order, and is a chosen constant, generally
between 0 and 5. The constantdetermines the order increase
for over that indicated by . Since the theoretical reflection
coefficient at normal incidence is [1]:

(28)

one can easily obtain the PML conductivity parameter as
a function of the user defined

(29)

Increasing the power rate of the PML conductivity by one
, while keeping the power rate of the same, has the

effect of broadening the frequency band in which the reflec-
tions are below 60 dB. An increase in the power rate of
by two reduces the number of PMLs by additional 4
or 5 cells while the reflections can be still kept at the prescribed
level, usually below 60 dB. Note that a simple increase in the
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power rate of both and , as it is done in most PML ab-
sorbers, does not improve the bandwidth. It has the effect of in-
creasing the spurious numerical reflections, thereby degrading
the absorber’s performance. An extensive comparison between
the proposed PML variable profile and the conventional PML
profiles is provided in Section VI.

V. PML TERMINATIONS

Yet another means to improve the PML performance is to re-
place the PEC wall that usually terminates the PML medium,
with a low-cost simple ABC, which will be referred to as a
single-layer ABC. In this work, three types of single-layer ab-
sorbers have been tried out to terminate the perfectly matched
layer. First, the lossy one-way wave equation first-order ABC
was implemented. The improvement of PML absorbers with
this termination was first reported by Rappaportet al. [25].
Second, we have developed a lossy version of Mur’s second-
order ABC [26] to be used as an efficient PML termination.
The third PML termination that we have developed and investi-
gated is a lossy version of the second-order dispersive boundary
condition (DBC) [27]. The choice of these termination layers
has been dictated by the following considerations: the simplicity
of implementation, the minimal additional computational over-
head, and the fact that there are no additional memory require-
ments.

Here, we will describe a unified approach to the derivation
of lossy PML terminations from existing single-layer ABCs,
which were originally designed to terminate loss-free compu-
tational domains. The EM potential wave (1) inside the PML
region has its EM constitutive parameters such that they must
satisfy the constraint for reflection-free propagation

(30)

where is the dielectric (and magnetic) relaxation constant.
Having in mind (30), (1) can be written in the factored form

(31)

where . In (31), it is implied that there are no
sources present in the PML region. Equation (31) is the basis
for all first and second order lossy ABCs considered here.

In the direction of propagation (absorption), say-direction
, the 1-D version of (31) is

(32)

where the wave operators and are defined as

(33)

(34)

Here, is the velocity of propagation in the-direction. Taking
only the operator in (33), which describes the forward (one-way)

propagating wave, one obtains the lossy one-way wave equation
ABC [25]

(35)

To derive the lossy version of Mur’s second-order ABC, we
follow the general procedure given in [26] while substituting the

derivative by the operator in (31). Thus, this
termination is obtained as

(36)

where , and are the transverse with respect
to coordinates.

Similarly, from the original second-order DBC [27]

(37)

its lossy version is obtained as follows:

(38)
where and are the velocities in the direction of propaga-
tion (absorption), corresponding to two different frequencies in
the band of interest.

The discretizations of (35), (36), and (38) are given in the
Appendix.

VI. NUMERICAL RESULTS AND DISCUSSION

To validate the method, we have applied this PML ABC to
both radiation and waveguide problems solved in terms of wave
potentials in the time domain. Here, we will consider two struc-
tures: a dipole in open space, and a rectangular waveguide par-
tially filled with dielectric. The problem of the-directed infin-
itesimal dipole, which radiates in open space, has two planes of
symmetry. Therefore, the computational domain can be only the
first octant whose dimensions are , where

mm. The potential is excited by the
-directed current of the dipole, which is a Gaussian pulse in

time. The reflection is estimated using the ratio of reflected and
incident wave potential, which in this case is the-component
of the magnetic vector potential

(39)

Here, denotes the Fourier transform of the respective time-de-
pendent potential. It should be noted that the reflections can be
calculated through the reflected and incident field quantities as
well. The results are identical to those obtained from the poten-
tials in (39).

We investigate three types of PML ABCs to terminate the
computational domain of the time-domain wave equation. They
have different variable profiles. The first type implements the
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Fig. 2. Spectrum of the reflection in the dipole radiation problem using three
different PML conductivity profiles;N = 16,R = 10 , " = 3 in
all four cases.

MPML conductivity profiles as in [17]. The performance of two
MPML profiles is shown in Fig. 2: for the orders and

. The second one uses the GPML profile [18]. The third
absorber is based on the proposed profile as described by (26)
and (27), when the ordersand are set as: , . All
absorbers are 16 cells thick; their theoretical reflection coeffi-
cient at normal incidence is chosen to be ; the con-
stant is set as . All of them are terminated with a
PEC wall. The respective reflections are plotted in Fig. 2, which
shows that our modification of the PML conductivity profile has
superior performance in terms of both reflection level and fre-
quency bandwidth. It can be observed that a simple increase of
the power of the MPML from to does not im-
prove its absorption. In fact, it leads to a slight increase of the
reflections. In all cases, the observation point is in the dipole’s

-plane, halfway between the dipole and the absorber. The re-
sults are similar for any other observation point.

Fig. 3 compares the performance of the proposed PML ab-
sorber with the regular MPML only, while varying the value of
the power increase parameter. It is evident that the frequency
band becomes wider and the reflections lower in the proposed
PML when its power order is increased by or by in
comparison with the regular MPML profile, which in fact cor-
responds to the case of in (26). From our experiments so
far, we can draw the conclusion that the value of provides
optimal PML performance.

Fig. 4 shows the dependence of the frequency bandwidth on
the number of cells in the proposed 3-D PML absorber termi-
nating the dipole computational region. Here, it is important to
point out that the physical thickness of the absorber, as a per-
centage of the wavelength, is very important at the lower fre-
quency end. Generally, we can recommend a thickness of the
PML medium of at least 65–70% of the longest wavelength of
interest.

The rectangular waveguide has a cross section of 40 mm by
18 mm. It is half-filled with a dielectric layer parallel to its wide
side (the dielectric constant is ). Its geometry is seen
in Fig. 5. It is excited by a 4.7 GHz sine waveform modulated

Fig. 3. Dependence of the spectrum bandwidth of the reflection in the dipole
radiation problem on the PML conductivity parameter�; n = 3,N = 20,
R = 10 , " = 4 in all cases.

Fig. 4. Dependence of the spectrum bandwidth in the dipole radiation problem
on the number of cells in the PML absorber;R = 10 , " = 3, n = 3,
� = 2 in all cases.

Fig. 5. Time sample of the incident potential in the partially filled rectangular
waveguide, which is exciting the structure in the frequency band from 3.9 GHz
to 5.5 GHz.

by Blackman-Harris window function [29], shown in Fig. 5. The
time-domain sample of the reflections is given in Fig. 6 for the



292 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 51, NO. 2, FEBRUARY 2003

Fig. 6. Time sample of the reflected potential in the partially filled rectangular
waveguide (N = 12,R = 10 , " = 1, n = 2).

Fig. 7. Spectrum of the reflection in the waveguide problem with different
ABCs;N = 10,R = 10 , " = 1, n = 2 in all PML cases.

case of twelve-cell thick PML with , ,
, . The band-limited excitation of the waveguide has its

spectrum in the frequency band from 3.9 GHz to 5.5 GHz. The
transverse profile of the excitation corresponds to the dominant

mode, which requires a magnetic vector potentialwith
a -component only [29]. The size of the computational domain
is , where mm.

To compare the performance of various absorbers with the
proposed PML in a typical waveguide port termination problem,
the reflection as defined in (39) was computed for five types of
ABCs. The first two are single-layer absorbers: Mur’s second
order ABC [26], and the second-order dispersive boundary con-
dition (DBC) [27]. The other three are PML ABCs and they are
the same as those used in the case of the dipole: GPML [18],
MPML [17], and the proposed new PML profile. All three PML
absorbers have the following common parameters: the thickness
is 10 cells, , , , their PML termina-
tion is a one-way lossy wave equation. The results are plotted
in Fig. 7. The superior performance of the PML absorbers over
the single-layer ABC’s is obvious. Of all PML absorbers, the

Fig. 8. Dependence of the reflection on the thickness of the PML in the dipole
problem atf = 7GHz for� = 1 and� = 2 (R = 10 , " = 4,n = 3).

Fig. 9. Dependence of the reflection on the thickness of the PML in the
partially filled waveguide atf = 4:7 GHz (" = 1, n = 2) for different
theoretical reflection coefficients.

proposed modification in the PML profile results in the lowest
reflections in the frequency band of the excitation pulse.

The dependence of the reflection level on the number of
layers in the absorber was investigated for both the dipole and
the waveguide problem. The purpose was to come up with
a recommendation for the minimum number of layers in the
absorber, which would ensure a reflection level below60 dB
dB in the frequency band of the excitation. Fig. 8 shows this
dependence in the 3-D PML absorber of the dipole radiation
example at GHz when , , for

and . In Fig. 9, the dependence of the reflection on
the PML thickness in the waveguide port termination is shown
at the central excitation frequency of 4.7 GHz, when ,

, and for different reflection coefficients ,
, . The curves in both examples are

very representative of the reflection dependence on the PML
thickness in the whole frequency band of the respective source.
Generally, one can draw the conclusion that thicker PMLs are
needed for the termination of the 3-D computational domain of
the second-order wave equation compared to the termination
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Fig. 10. Influence of the type of the termination on the PML ABC performance
for the waveguide example.

of the FDTD solution of Maxwell’s equations. To achieve
reflections under 0.1% in a broad frequency band, at least 12
PML cells are necessary (with a PEC layer termination).

The influence of the type of termination layer on the PML
performance of the PML ABC is shown in Fig. 10 where the
usual termination by a PEC wall is compared to three types
of lossy layer terminations: the one-way lossy WE, the lossy
Mur’s second-order ABC, and the lossy second order DBC. The
figure shows that improvement by 5 to 15 dB is easily achiev-
able if a single-layer lossy ABC is used instead of a PEC wall.
The one-way lossy WE termination and the lossy second order
DBC termination provide the desired broadband performance.
It should be mentioned that the lossy DBC termination requires
optimization of the two velocities and in (38), and there
is no prescription for their choice. This is an intrinsic drawback
of all DBC absorbers.

VII. CONCLUSION

In this paper, we propose a PML ABC for the 3-D scalar
wave equation in the time domain. It is shown that the conven-
tional PML profiles are not efficient when integrated with the
second-order wave equation. Suitable low-reflection broadband
PML variable profile is proposed. Its performance is verified
and carefully studied in radiation and guided wave problems.
The new profile handles equally well both port terminations and
truncations of the computational domain of open problems. The
performance of the proposed PML absorber is further improved
by the use of simple single-layer ABCs to truncate the PML re-
gion. For that, the lossy version of Mur’s second order ABC
and the lossy version of the second order DBC have been de-
veloped and implemented. The current implementation handles
inhomogeneous dielectrics intersecting the PML boundary. Fur-
ther implementations include complex structures with metallic
inclusions.

APPENDIX

Here, the discretized forms of the three single-layer PML ter-
minations discussed in Section V will be shown in the case of

for the component of the potential, where .

1) Discretized lossy one-way WE termination in the-direc-
tion

(A.1)

where

2) Discretized lossy Mur’s second-order ABC in thedirec-
tion

(A.2)

The coefficients and are the same as in (A.1). The poten-
tial itself is calculated as

(A.3)

3) Discretized second order DBC in the-direction.
The factored differential operator in (38) is expanded to give

the following DBC equation

(A.4)
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The discretization of (A.4) leads to

(A.5)

where

Finally, the potential is calculated as

(A.6)
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